In this paper we present a generalized analytical solution to the generalized state equations of coupled second-order non-autonomous circuit systems. The analytical solutions thus obtained are 
I. INTRODUCTION
Synchronization of chaotic systems gained acceleration after the Master-Slave concept introduced by Pecora and Carroll [1] . Since then, numerous chaotic systems and electronic circuits have been studied for their synchronization dynamics [2] [3] [4] [5] [6] [7] 13] . Many natural systems have also been identified to exhibit chaos synchronization in their dynamics.
Several synchronization phenomena such as generalized, complete, phase and lag synchronization were identified in identical and non-identical chaotic systems and were studied both experimentally and numerically. A detailed numerical study on the different types of synchronization phenomena has been presented by Boccaletti et al. [8] .
Chaos synchronization has been observed in a variety of nonlinear electronic circuits because of their potential applications in secure transmission of signals [9, 10] . With the observation of a chaotic attractor in the Chua's circuit [11] , nonlinear electronic circuits revealed the existence of chaotic attractors in circuits. The implementaion of the Chua's diode using operational amplifiers [12] enabled researchers to use the nonlinear element in a handful number of chaotic electronic circuits [13] [14] [15] 23] . Further, nonlinear elements with different v-i characteristics have been implemented using operational amplifiers [16] [17] [18] .
Nonlinear circuits differ from each other mainly through through the the constitution of the nonlinear element that is present in the circuit. Hence, thier chaotic dynamics is decided by the type of the nonlinear element. The dynamics of those circuits have been mostly analyzed mostly through numerical experiments. The observation of chaos in a second-order non-autonomous circuit, namely the Murali-Lakshmanan-Chua (MLC) circuit, by Murali et al., paved way to easily understand the complexity underlying the chaotic attractors. This lower dimensional system claims greater importance as it possesses a rich variey of chaotic dynamics resembling its higher dimensional counter parts. A few number of second-order non-autonomous chaotic systems with different circuit parameters and nonlinear elements exhibiting chaos were studied. Because of the mathematical simplicity of second-order, piecewise linear chaotic systems, analytical solutions to their normalized state equations has been obtained for a good number of chaotic systems [17, [19] [20] [21] [22] [23] [24] [25] . However explicit analytical solutions explaining the synchronization dynamics of coupled systems are rare in literature. Explicit analytical solutions explaining the complete synchronization phenomenon in coupled second-order non-autonomous circuits have were studied recently [26] [27] [28] .
We present in this paper, an analytical study on the synchronization dynamics observed in coupled simple second-order dissipative systems. The synchronization dynamics of two types of second-order non-autonomous circuits are studied. The two circuits differ only by the nonlinear element contained in the circuit. The first circuit consists of forced parallel LCR circuit with a Chua's diode as the nonlinear element. The synchronization dynamics of this circuit is studied for coupled identical and non-identical chaotic attractors. The second circuit has a forecd parallel LCR circuit with the simplified nonlinear element as the nonlinear element. The synchronization dynamics of this circuit is also studied for coupled identical and non-identical chaotic attractors. As both the circuits have nonlinear elements with piecewise linear charactersistics the solutions to their normalized state equations can be generalized. Further, generalized analytical solutions to the normalized state equations of the unidirectionally coupled circuits have been obtained. The analytical solutions thus obtained have been used to generate two-parameter bifurcation diagrams to indicate the complete synchronization dynamics of the coupled systems. The stability of synchronization of coupled identical chaotic systems is studied using the Master Stability Function (MSF) [29, 30] . The MSFs for coupled identical variant of MLC and series LCR circuit with a simplified nonlinear element circuits for coupling of different state variables has been studied [31] . A simple analytical technique is introduced to derive explicit analytical solutions to the normalized state equations of the coupled system. This is achieved by mere coupling of similar picewise linear regions of the drive and response systems. A linear stability analysis on the eigenvalues of the coupled system reveals the mechanism of complete synchronization. The onset of synchronization identified through stability analysis is confirmed by the numerical study of the MSF. The synchronization dynamics studied through the analytical solutions has been substantiated through numerical studies of the conditional Lyapunov exponents and the Kaplan-Yorke dimension (D KY ) in each case. Because the sudden rise or fall of (D KY ) is a measure of unsynchronization or synchronization, it is studied for each case of the coupled systems.
This paper is divided into five sections. In Section II we present the generalized circuit equations and generalized analytical solutions to the circuit equations of the forced parallel LCR circuit with a nonlinear element. The analytical technique to find explicit analytical solutions to the normalized state equations of the coupled system is presented in Section III. In Section IV we present the explain the synchronization dynamics observed in coupled variant of MLC circuits using the analytical solutions obtained from Section III. The synchronization dynamics observed in coupled series LCR circuits with a simplified nonlinear element is explained in Section V.
II. CIRCUIT EQUATIONS
A sinusoidally forced parallel LCR circuit with a nonlinear element N R connected parallel to the capacitor, exhibiting chaotic dynaimics is as shown in Fig. 1 . The nonlinear element N R shown in Fig. 1 determines the chaotic dynamics of the circuit for a proper choice of the other circuit parameters. The nonlinear elements considered for the present study were voltage-controlled and piecewise-linear. We consider two types of nonlinear elements for N R namely, the Chua's diode and the simplified nonlinear element. The Chua's diode is a piecewise-linear nonlinear element with three negative slope regions has been constructed using two operational amplifiers and six linear resistors as shown in Fig. 2 
(a). The (v − i)
charcateristics of the Chua's diode with two negative outer slopes (G b ) and one negative inner slope (G a ) is as shown in Fig. 2(b) . A parallel LCR circuit with the Chua's diode as the nonlinear element has been called as the Variant of Murali-Lakshmanan-Chua circuit was introduced by Thamilmaran [15] . The torus breakdown, antimonocity, intermittency, period doubling and the reverse period doubling routes to chaos exhibited by the MLCV circuit has been extensively studied [15, 23] . Further, an explicit analytical solution to the state variables of the normalized circuit equations has been presented [23] . A simplified nonlinear element is a kind of the modified Chua's diode was introduced by Arulgnanam [17] is as shown in Fig. 3(a) . It has been constructed with one operational amplifier and three linear resistors and making it the simplest nonlinear element constructed from a least number of circuit elements. The (v − i) characteristics of the simplified nonlinear element is also three segmented but with one inner negative slope (G a ) and two positive outer slope regions (G b ) as shown in Fig. 3(b) . It has been evidenced that the maximal Lyapunov exponents observed in circuits with simplified nonlinear element is relatively higher than that with the Chua's diode as teh nonlinear element [17] . In both the nonlinear elements, the central region (D 0 ) is always negative and the outer regions (D ± ) are positive for the simplified nonlinear element while they are negative for the Chua's diode. However, the circuit equations governing the forced parallel LCR circuit with either of the nonlinear element remains the same. The equations of the circuit shown in Fig. 1 in terms of the voltage (v) across the capacitor and current (i L ) flowing through the inductor, using Kirchoff 's laws is given as
where g(v) is the mathematical form of the voltage-controlled, piecewise-linear resistor given by
The terms f , ω represent the amplitude and frequency of the external sinusoidal voltage source respectively. Using the rescaling parameters
, ω = (ΩC/G) and G = 1/R, the normalized state equations of the circuit can be written aṡ
The function g(x) can be written in the piecewise linear form as
The circuit parameters are so chosen to obtain chaotic behavior in its dynamics. The may be either two real values or a pair of complex conjugates. When the roots are a pair of complex conjugates, the state variables y(t) and x(t) are
where
. When the roots are two real values then the state variables are
In outer regions D ±1 , we have g(x) = bx ± (a − b) with k 1 = 0, k 2 = ±(a − b) as the fixed point. The state variables y(t) and x(t) in this region when the roots m 3,4 =
are a pair of complex conjugates are given as
When the roots are two real values then the state variables are
where ∆ = (b − a) and +∆, −∆ corresponds to D +1 and D −1 regions respectively.
The circuit explained above acting as the drive system can be unidirectionally coupled to another circuit with the same nonlinear element acting as the response system. The drive and the response system operating with different set of initial conditions have been coupled together by a linear resistor and a buffer. The buffer acts as a signal driving element which isolates the drive system variables being affected by the response system. The schematic diagram of the coupled circuits is as shown in Fig. 2 . The normalized state equations of the response system can be written aṡ
and the piecewise linear function g(x ′ ) is
where, 
III. EXPLICIT ANALYTICAL SOLUTIONS
In this section, we present explicit analytical solutions for the normalized circuit equations of the response system given in Eq. 9. From the state equations of the response system we observe that the dynamics of the response is influenced by the drive through the coupling parameter. Because the circuit equations are piecewise linear, each picewise linear region of the two sytems could be coupled together to get a new set of equations which could be solved for each region. The solution obtained for each piecewise linear region could be matched across the boundaries to study the dynamics of the coupled system. The new set of equations obtained from Eqs. 3 and 9 arė
takes the values ax * or bx * depending upon the region of operation of the drive and response system. From the new set of state variables x * (t), y * (t), the state variables of the response system x ′ (t), y ′ (t) could be written as
One can easily establish that a unique equilibrium point (x * 0 , y * 0 ) exists for Eq. 11 in each of the following three subsets
Naturally these fixed points can be observed depending upon the initial conditions and g(x ′ ) take the values ax and ax ′ respectively, corresponding to the central region in the (v − i) characteristics of the nonlinear element, which has been taken as the D * 0 region of the difference system. In the D * 0 region the stability determining eigenvalues are calculated from the stability matrix
In the second case, g(x) and g(x ′ ) take the values bx±(a−b) and bx ′ ±(a−b) respectively, corresponding to the outer regions in the v −i characteristics of the nonlinear element, which has been taken as the D * ±1 regions of the difference system. In the D * ±1 regions, the stability determining eigen values are calculated from the stability matrix
The eigenvalues of the difference system in both the regions are thus determined by the strength of the coupling parameter.
When the coupling paramter ǫ = 0, the coupled systems become independent of each other. Hence the drive and the response systems given by Eqs. 3 and 9 have the same solution for their state variables in all the three piecewise linear regions. Now we present explicit analytical solutions for the dynamics of the response system for coupling strengths ǫ > 0. An explicit analytical solution to the dynamics of the response system could be obtained by finding a solution to the normalized state variables of the difference system given by Eq. 11. The solution of those equations are,
T for which the initial conditions are written as (t, x * , y * )
. From the solution x * (t) and y * (t) thus obtained the state variables x ′ (t) and y ′ (t) can be found using Eqs. 12. Since Eq. 11 is piecewise linear, the solution to each of the three regions can be obtained explicitly.
In this region g(x) and g(x ′ ) takes the values ax and ax ′ respectively. Hence the normalized equations obtained from Eqs. 11 arė
Differentiating Eq. (16b) with respect to time and using Eqs. (16a, 16b) in the resultant equation, we obtain
where, A = a + ǫ + 1 and B = β. The roots of the Eq. 17 is given by
Since the roots m 1,2 depends on the coupling parameter, the orientation of the trajectories around the fixed point changes as the coupling parameter is varied. . Using the method of undetermined coefficients, the general solution to Eq. 17 can be written as
where C 1 and C 2 are integration constants and
2 ) 2 , Differentiating Eq. 18 and using it in Eq. (16b) we get
The constants C 1 and C 2 in the above equations can be evaluated by solving both Eqs. 18
and 19 for C 1 and C 2 at a suitable initial instant t 0 , with x * 0 and y * 0 as initial conditions at time t = t 0 , provided the trajectory of the dynamical system just enters the region D * 0 at time t 0 . The constants C 1 and C 2 thus obtained are
From the results of y * (t), x * (t) obtained from Eqs. 18, 19 and y(t), x(t) obtained from Eqs.
5(a), 5(b), x ′ (t) and y ′ (t) can be obtained from Eqs. 12.
case: b
When (A 2 > 4B), the roots m 1 and m 2 are real and distinct. The general solution to Eq.
17 can be written as
where C 1 and C 2 are the integration constants and the constants E 1 , E 2 , E 3 , E 4 are the same as in case: a. Differentiating Eq .20 and using it in Eq.(16b) we get
The constants C 1 and C 2 are
From the results of y * (t), x * (t) obtained from Eqs. 20, 21 and y(t), x(t) obtained from Eqs.
6(a), 6(b), x ′ (t) and y ′ (t) can be odtained from Eqs. 12.
Region : D * ±1
In this region g(x) and g(x ′ ) takes the values bx ± (a − b) and bx ′ ± (a − b) respectively.
Hence the normalized state equations obtained from Eqs. 11 arė
Differentiating Eq. (22b) with respect to time and using Eqs. (22a, 22b) in the resultant equation, we obtain
where, C = b + ǫ + 1 and D = β. The roots of the Eq. 23 is given by m 3,4 =
case: a When (C 2 < 4D), the roots m 3 and m 4 are a pair of complex congugates given as
. Using the method of undetermined coefficients, the general solution to Eq. 23 can be written as
The constants E 5 , E 6 , E 7 , E 8 are the same as the contants E 1 , E 2 , E 3 , E 4 in case : a of D * 0 region except that the constants A, B are replaced with C, D respectively. Differentiating
Eq. 24 and using it in Eq. (22b) we get
The constants C 3 and C 4 are the same as C 1 and C 2 in (case : Eq. 23 can be written as
where C 3 and C 4 are the integration constants and the constants E 5 , E 6 , E 7 , E 8 are the same as in (case: a). Differentiating Eq. 26 and using it in Eq. (22b) we get
The constants C 3 and C 4 are the same as C 1 and C 2 in (case:a) of D * 0 region except that the constants E 1 , E 2 , E 3 , E 4 are replaced with the constants E 5 , E 6 , E 7 , E 8 respectively.
From the results of y * (t), x * (t) obtained from Eqs. 26, 27 and y(t), x(t) obtained from 
IV. SYNCHRONIZATION DYNAMICS OF THE VARIANT OF MLC CIRCUIT
In this section we discuss the synchronization dynamics observed in the coupled system when the Chua's diode has been used as the nonlinear element. A sinusoidally forced parallel In the uncoupled state, the solutions to the state variables of the response system x ′ , y ′ remains the same as that of the drive system except that the response operates with a different set of initial condition. The synchronization dynamics of the coupled circuits is studied by fixing the response system at two different chaotic states. In the first case, the response system is kept in the chaotic state obtained at f 2 = 0.39 while in the second case it is operated at the chaotic state obtained for f 2 = 0.411. Fig. ??(a) shows the unsynchronized state of the coupled system for the coupling parameter ǫ = 0, in the (x − x ′ ) phase plane and their corresponding trajectory in the x * = x − x ′ plane in Fig. ??(b) . As the value of the coupling parameter is increased, the trajectory of the response system begins to converge towards the trajectory of the drive and gets completely synchronized with the drive. The stability of the synchronized state for the x-coupled systems given by Eqs. 3 and 9 is studied using the MSF approach. The state variables of the drive and the response system are represented as (x, y, θ) and (x ′ , y ′ , θ ′ ), respectively. The MSF is generally the largest transverse Lyapunov exponent (λ max ) of the variational equation [29] . as it involves only the coupling of similar regions of the drive and response and finding the solutions to each region of operation. This method has been checked earlier with yet another simple chaotic circuit namely, the Murali-Lakshmanan-Chua circuit [26] . In this paper we have confirmed the reliability of this analytical method and its solution to unidirectionally coupled picewise linear systems, by presenting two-parameter bifurcation diagrams. Hence we suggest that this method could be applied for an effective study of synchronization and its mechanism in unidirectionally coupled piecewise linear systems. 
